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ABSTRACT: We derive the strong-stretching approximation from the full partition function for diblock
copolymer melts. Using a perturbation expansion for the free energy, with (yN)='® as the expansion
parameter, we calculate the leading corrections to the asymptotic yN — o« limit for the domain period
and the free energy. The leading corrections to the free energy scale as log yN. They arise from the
entropy gain due to the wandering of chain ends over the domains and the entropy loss to localize the

joints in the interfacial region.

I. Introduction

Diblock copolymers are produced by chemically link-
ing two incompatible polymers (e.g., A and B). These
copolymers exhibit ordering transitions from the molten
homogeneous state to various microphase-separated
states. The simplest of these ordered phases are one-
dimensional lamellae, hexagonally packed arrays of
cylinders, and body-centered cubic (bcc) arrays of
spheres.! The diblock copolymer mean-field phase
diagram may be described in terms of two parameters:
%N, where N is the degree of polymerization of a single
chain and y is the Flory—Huggins parameter, and the
relative composition of the two blocks (which we denote
by f, the volume fraction of the A block).

It is useful to separate the mean field phase diagram
into two limiting regimes. (i) Weak segregation. Here
the melt is close to the ordering transition (which is at
(¥N): = 10.5 for copolymers with f = 0.5) and the
composition profile of A and B blocks varies smoothly
across the domains. The chains are only slightly
perturbed from their random-walk configurations, and
the interfaces separating A domains from B domains
are wide. Both the domain period and the interfacial
width scale as the radius of gyration of the copolymer
chains. This regime has been successfully described by
the theory of Leibler.2 (ii) Strong segregation. For yN
> (yN)y, the interfaces become very sharp and narrow,
separating almost pure A and B regions. The domain
period scales as aNZ3 (where a is the Kuhn length for a
monomer), implying that the chains must be highly
distorted from the Gaussian coil state. Analytical
theories exist that postulate that the copolymer chains
are strongly stretched perpendicular to the interface,3*
providing insight into the physics in this limit.

However, these so-called “strong-stretching” theories
are strictly only valid in the limit yN — o, and while
the scaling predictions for the domain period have been
verified for high values of yN,5~7 most experiments are
done at quite modest yN. Since there has been no
rigorous derivation from the full partition function for
strong stretching, it has not been clear at what point
these theories break down, and only numerical solution
of self-consistent field (SCF) equations has been able
to handle intermediate values of yN (see, for example,
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refs 8 and 9). In addition, there have been both
experimental and numerical indications that the domain
period between weak and strong segregation has an
apparent scaling exponent that is a higher power of N
than 2/3.8-10

In this paper we shall derive the strong-segregation
formalism via an asymptotic expansion for the free
energy. This framework will provide a natural method
for calculating finite yN corrections to the free energy
and corresponding corrections to quantities such as the
unit cell dimensions of microphases (e.g., the lamellar
period).

Our starting point will be the mean-field equations
for a copolymer melt, which we derive in section 11 (other
derivations may be found in, for example, refs 11 and
12). We go on to separate the free energy into elastic
and interfacial terms in section 111 and subsequently
calculate the interfacial and elastic energy in sections
IV and V. In section VI we expand the free energy in
an asymptotic series and calculate the leading terms,
in order to compare our predictions to numerical results
in the literature. We comment on next-order corrections
in section VII and conclude in section VIII.

Il. Mean-Field Theory

Suppose we have a melt of N diblock copolymer
chains, all of which are N monomers long, where the A
and B blocks consist of Na and Ng monomers, respec-
tively. [We shall denote the block type by the subscript
K, in which case the complementary block will be K'.]
For simplicity we take the statistical segment lengths
of both blocks to be equal to a and normalize the bulk
densities pp to unity. We shall also assume that the
melt is incompressible.

In the continuous limit, we can describe the path of
the ath chain by the position coordinate R%(s), where s
is the arclength variable. The partition function for N
such chains is then the weighted sum over all possible
paths

1 N
Z=—|‘|IDR“6(5A+bB—po) x
NI3—
dR& 2

3 N I?)AZ)B
exp|—— [, ds|—| —x [ dx—— (11.1)
ZaZﬁ) ds / Po ]

We shall set ksT = 1. This is a one-dimensional integral
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since in the transverse directions the chains are in their
ideal, random-walk configurations. [The Gaussian in-
tegrals over the transverse directions do, of course,
contribute to the partition function but are unimportant
since we will later normalize Z by the partition function
in zero field (see eq 11.17).] We consider a system of
length h and unit area.

The local density of K monomers is given by the
operator

N
=3 [ ds o(x — R)O(S)  (11.2)

where 0k(s)=1 if s is a K monomer and zero otherwise.

All the chains interact through the A—B repulsion and
the incompressibility constraint. We can convert the
many-chain problem to a single-chain one by introduc-
ing fields through which the monomers interact, and
replacing all local quantities by their averages in the
fields.

We first deal with the incompressibility constraint by
writing the delta-function in terms of the field v(x) as

O(pa + Pg — Po) = f Dv exp[— f dx v(pa + pg — po)
(1.3)

Let us introduce the dimensionless density operator

. Pk
=— 1.4
Px 0 ( )

[The bulk density for both species pg is just unity but
we shall carry it along to make the dimensions obvious.]
We treat the A—B interaction by introducing the
auxiliary field (x)

exp[—xpo f dx papgl =

XPo

eXp[ f dx [1 — (b — Pg) ]]

h
0 exp[— xp%] J Dy x
exp[—xpo [ dx 71° — xpo [ dX (B — Pg)] (11.5)

where we have used the identity (5a + p8)% — (oA — pB)?
= 4paps. We can then write the partition function as

Z [—=—ex

N!

1 [XPO [Dv [DyP(yv} (116)

where

P DR®e d—d—R”—
{nv} = ﬂf xp|— o ds &

xpo J dxn® = xpo [ dx n(pA—PB)—

fdx Vpolpa + pg — 11| (11.7)

The chains now interact with each other only through
the potentials v(x) and #n(x). In order to evaluate the
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integrals over v(x) and #5(x) by the saddle-point method
we recast the partition function into the form

0L o p[ xPoh

NI J Dv [ Dy expllog P{5,v}]

(11.8)
The saddle-point values of v(x) and 7(x) are determined

by 6P/6v = 0 and 6P/én = 0 which imply the equa-
tions

Bt Bg=1 (11.9)
ba — Bs= —27 (11.10)

where we have defined the averages above as

dR(l 2

GD=|‘|fDR“()expl L ds—(g

xpo [ Ax o — el — [ dx Vipolpa + pgl| (11.11)

Thus egs 1.9 and 11.10 are really implicit in the
constraint fields, with v(x) being chosen such that the
averaged local density is unity everywhere. From now
on we will write the averaged local concentration as pk-
(x) = Pr()L]

We may now write the partition function in terms of
sums over single chains

Z 05 explog( [ dx vX) + 7 f dX papg)] x

(f DR x exp —fo dsE(E) —j; ds V(R(s)) —
(11.12)

N
2po f AX pePa — 100 [ dX paBs )

[Note that the factor of exp[—ypoh/4] is absent, since it
cancels on substitution of eq 11.10 into eq 11.8.] Using
eq 1.2 for the local density and separating the integrals
over A and B monomers

zO0= exp[f dx v(x) + x [ dx papg] x

(f DR x exp|— ONA ds (c(jjl;%)

[ ds[v(R(s)) + xpB(R(s))]]) ] x
s . 3 [dR\2

[(f DR exp|— hoiH ds E(g) _

Jor ds VRE) + pr(R<s))]])”]

(11.13)

We now introduce the propagator Qk(X,s;X1), which is
the Boltzmann weight for a chain which starts at x; to
reach a point x in s segments:

_fsds'i d_Rz_
0 2a2 ds'

J ds' VR + prv(R(S’))]] (11.14)

. _ R(s)=x
Qxx,8;xy) = RO)=x, DR exp

The propagator satisfies a modified diffusion equation
(see for example ref 13 for a derivation) and is sym-



Macromolecules, Vol. 30, No. 18, 1997

metric under the interchange of starting and ending
points.

Qu_a? Q%
ds 6 axz

[v + 20 1Qk (11.15)

and Qk(x, 0; x1) = o(X — Xq).

We consider as a reference state the mixed homoge-
neous melt with the y interaction switched off. Here
the chains just execute random walks so we can write
the propagator Qok as

3 |
XS X)) = |—— ex
Qox( 1) (ZnaZNK) p

This allows us to calculate the partition function in zero
field Zy so that

—3(x — x,)°

N (11.16)
K

250 = expl [ dX polv + xpapellQY  (11.17)

where

Qu = dxa g Ay QuXNaXs) QolaNaixy)
(11.18)

Here Q is a sort of single-chain partition function, and
the exponential factor in eq 11.17 that avoids “double-
counting” the effects of the mean-field potentials arises
naturally. [Note that the proportionality signs that we
wrote before are now replaced by equality signs, since
factors of xr arising from doing Gaussian integrals and
of N! from distinguishability are present in both Z and
Zp and cancel.] The average density of A monomers at
a point x involves counting all the paths that pass
through x (see Figure 3) and is given by

_ N Na .
pa(X) = Soch S dxg dx, dx; [0 ds Qa(x,Sixy) x
QaX;Na—S:X;) Qg(X3,Ngix,) (11.19)
and similarly for B monomers.

I11. Factoring the Propagator

Let us consider the lamellar phase of a strongly
segregated melt. Recall that the interfacial region
between the nearly pure A and B microdomains is very
narrow and sharp. Helfand4%> has shown that this
leads to a separation of the interfacial and elastic energy
contributions to the free energy, and we review his
development here (although we shall use slightly dif-
ferent notation).

We consider a single repeat unit of width h = hpa +
hg (see Figure 1) where ha = fh and hg = (1 — f)h. From
symmetry considerations, Qg(x,s;x1) reflects at x = ha,
— hg. We take the origin of our coordinate system at
the dividing surface between the two domains where
PA = PB = 1/2.16

Imagine a plane x4 that divides a pure A or B domain
from the interface. On the scale of the interface x3 ~
oo, but on the scale of the domain xg ~ 0. This motivates
us to write the full propagator as a product of a
propagator for the pure domain and a propagator for
the interface (see Figure 2) as follows

Qu(X,S%;) = QR(X,8%;) Ar(X)a(x)  (111.1)
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X= -hB x=0 x=h A
- h——————

Figure 1. Unit cell for the lamellar microphase. Dotted lines
indicate K—K interfaces, while solid lines indicate K—K'
interfaces.

ug M | LY\

Figure 2. Schematic showing the region of validity of the
homopolymer blend propagator (interfacial region) and the
brush propagator (over the almost pure K domains) of eq I11.1.
Also shown are the corresponding pieces of the pressure field
v and uk.

where gy (x2) & (X2, S) = J dx Qi(x,5;x2) is the propa-
gator for a blend of A and B homopolymers and is almost
unity over the domains except in the thin interfacial
region. It satisfies the equation

— | | I
0= 5z ~ V' +roida (111.2)

and v'(x) and p:(.(x) are the external field and monomer
density of the homopolymer blend solution. [See section
IV for more details.]

Q:J((X,S;Xﬁ) is the propagator for a melt of homopoly-
mers that are tethered at x = 0 (commonly known as a
homopolymer “brush”) since Qu(x,5;xs) ~ QX(x,5;0).
From the point of view of chains propagating over a K
domain, xg looks like a reflecting boundary condition due
to the large repulsion from the K' domain:

~ 9

0 QY
A Tox

S (111.3)

x=0



5544 Goveas et al.

[It is straightforward to see that (('9Qﬂ/8x)|x:hk =0and
that Q&(x,0;x1) = d(x — x4) from the boundary and
initial conditions on the full propagator.]

To find what differential equation Qﬁ(x,xl;s) satis-
fies, we substitute egs 111.1 and 111.2 into eq 11.15

aQk a2 Q% t,jl_zaloquEﬁ_[[V_Vl]jL
0s 6 %2 3 0OX X

2ok — piIIQ (111.4)

Notice that the second term on the right hand side
vanishes because qL(x) ~ 1 for x > 0, and aQﬁ/ax =0
for x ~ 0. Assuming that the monomer density profile
through the interface closely approximates that for a

homopolymer blend, (ox — p{(.) ~ 0, and we see that the
factorization of eq I11.1 is successful

Qg _a? Qg

s =6 go UK (111.5)
where
ue) = v(x) = v'(x) (111.6)
=uUx(X) 0=x=<h,
=ug(X) —hg=x=<0

This field is defined only within an additive constant
which we fix by setting

[ dx uy(x) = 0 (111.7)

The pressure field v(x) that maintains constant mono-
mer density is then the sum of two pieces with two
distinct characteristic length scales: a field that sucks
monomers into the interfacial region against their
enthalpic repulsion, and a field that pushes the chains
out into the domains stretching the chains. In the
coming sections, we shall give the specific form of these
fields. For now we sketch these fields in Figure 2.

The factorization of the propagator can be used to
separate the free energy into elastic and interfacial
terms. Substituting eq I11.1 into eq 11.18 produces

Q%%aJQ{B (111.8)

where
a;= [, dx; da(xy) da(x,) (111.9)
Q= /" dxo Qk(XoNii0) (111.10)

Similarly, we may also write the monomer density as a
product of the interfacial and brush factors

(9 = pr(¥) pic(X) (11.12)
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where

o

by —
px(X) = QKPO

LNK ds QR(x.s:0) ﬁ,hK dxo QROGNK—S:Xo)
(111.12)

pk(¥) = [a () (111.13)

where ¢ = h/Na is the number of copolymer chains per
unit volume. [In deriving eqgs 111.8 and 111.12, we have
assumed that QbK(X,S;XJ) ~ QbK(x,s;O) since the A—B
joints are localized in the interfacial region, and recall
that q,'<(x) ~ 1 for x > 0.] The equation set for
Qﬁ(x,s;xl) is closed by determining uk(x) self-consis-
tently so that pﬂ(x) =1.

We use eq 11.17 to write the free energy per chain
(relative to the zero-field mixed state) as

F= I:interface + I:elastic (I | |-14)
where
Na3p0 | aJ
Finterface = .,/;/ dx h [V (X) — XpApB] —In F
(111.15)

Fetastic = —|I’IQA —In QB (11.16)

In summary, we have decomposed the problem of a
diblock copolymer melt into two separate, well-studied
problems: that of an infinite homopolymer blend and
two homopolymer brushes, each of height hx. [The
validity of this narrow interface approximation was
established in ref 14, by comparison of the free energy
given by egs 111.15 and 111.16 (using numerical solution
of eq 111.5), with the free energy calculated using the
full numerical solution of eq 11.15.]

IV. Interfacial Energy

The interface of a blend of high molecular weight
homopolymers consists mostly of loops of monomers that
weave back and forth across the interface. Chain ends
are rare. In this limit, the propagator equation becomes
independent of the monomer index s. [We may identify
corrections to this limit by scaling s on N and x on 1/y/2
(we shall see later that the interfacial width scales as
1/¥¥2, so this is the relevant length scale). This produces
an expansion parameter 1/(yN).]

The equation set for a homopolymer blend is13

2 82q'
_a “HA 141
0= 6 axz [XpB tv ]qA (IVl)
2 82q'
_a M8 | (.
0= 6 axz [XpA tv ]qB (IV2)

[This form is identical to the ground-state equations for
a quantum particle.] The solution to this equation set
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is (see Appendix A for details)

I exp(2v6yx/a)
oA = (1V.3)
1 + exp(2v6xx/a)
I 1
P = (1vV.4)
. 1+ exp(2v6yx/a)
V' = —3ypp oz (1V.5)

Using the homopolymer blend density profile and
potential in eq I111.15 gives

Na’p,
Finterfacial = TZX f dx p,ll-\ pIIB — In(ay/h)

Na4p
= /=0 _ T (1V.6)
‘& h 2hv6y

where we have used the results
2 [ dx pp py = av/y/6 (IV.7)

ma
a,; = (1v.8)

’ 26y

To make the physics of this expression for the interfacial
free energy transparent, let us write it in the following
way

Na'p, h 4
Finterfacial = \/% h +1In A +1In o (1v.9)

where A is the interfacial width which we have chosen
to define by

A_dx

= 2a
dpa

x=0_@

The first term of eq 1V.9 is exactly the interfacial energy
for a homopolymer blend. The second term arises from
the homopolymers being connected. It represents the
reduction in translational entropy to localize the joint
to within A of the interface. In the reference state, the
joints are free to be located throughout the entire layer
thickness h. Hence we expect a confinement entropy
per chain of precisely In(h/A). We will show in section
VI that this term is subdominant in the limit yN — oo,

Semenov!? has considered just such corrections in
calculating interfacial widths for lamellar copolymers,
using a different formalism (which produces good agree-
ment with numerical self-consistent field calculations
of the interfacial width by Matsen and Schick8). In
Appendix B we show that his approach is entirely
equivalent to Helfand’s.

(1V.10)

V. Elastic Energy

Having reviewed Helfand'’s results for separating the
free energy and calculating the interfacial energy, we
now turn to our derivation of the strongly-stretched
brush theory. This will enable us to calculate the elastic
energy of the copolymer domains. The elastic energy
scales as h?/Na? ~ NI® since the strong-stretching
domain period is known to scale with aN%3.3 Thus for
long chains a large pressure must exist to stretch the
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chains out over the height of the brush, which leads us
to look for asymptotic solutions to equation I11.5.

A. Asymptotic Expansion for the Propagator.
The configuration of a polymer chain is analogous to
the path of a quantum particle in an external field.1®
Indeed, equation I11.5 has the same form as the Schro-
dinger equation, where Qﬁ(x,s;xl) is the probability
density for a particle moving in an inverted potential
—uk(x), with s playing the role of time. There exists an
integral formulation for the path of a quantum particle®
that is equivalent to the differential one. Exploiting this
analogy, we can express the polymer propagator as a
path integral

R(s)=x

Q(X.8X1) = [rom, PREXPI-S{RI  (V.AL

where Sk{R} in quantum mechanical language is the
action of a particle, given by

drR

SRE)} = [°ds [é(@)z + uK(R(s’))] (V.A2)

In the transition from quantum to classical mechanics,
one identifies a single path that minimizes the action
and thus represents the most significant contribution
to the integral in equation V.A.2. This dominant path
implies that the monomer position is no longer an
independent variable but is instead specified by the
monomer index. Thus, from now on, we shall denote
the monomer position along the classical path by
X'(s';X1,X,8). The arguments x;, X, and s denote the
beginning, end, and total number of steps, respectively,
for this path. While x and s are used as arbitrary
position and monomer independent variables at the end
of a path, x" and s’ are reserved as counters along this
same path. When the path is Nx monomers long, we
shall use xp to denote the chain end position, and x and
s can then serve as counters along this path.

Expanding the action around this dominant path
gives

Sk = Sox(X'(s) + % [ ds” ds™ OR(s") OR(S"™) x
0"y + ... (V.A3)
OX(S") OX(S ey N

which enables us to write the propagator as
Qr(X,5;%) ~ exp[—(Spk + Syx + )] (V.A4)

This is in fact the WKB expansion (see for example ref
21) that is used to obtain global approximations to linear
differential equations, when there is a small parameter
multiplying the highest derivative in the equation. [In
our case we see that scaling x by hx and s by Nk
produces 6 = Nka%/hy? as the small parameter, which
is vanishingly small in the limit of infinite Nx. Physi-
cally, the quantity hk/v/Nka relates how extended the
brush chains are relative to their Gaussian coil config-
uration, and so is a measure of the degree of stretching
of the brush. Then Sy is a term of order 1/6 and S;
is a term of order unity. Details can be found in
Appendix E.] Also, expanding the potential ux = ugk
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+ Uik (where ugk is 0(1/6) and u;k is O(1)), and
substituting eq V.A.4 into eq I11.5 we get at zeroth-order

0Sok(X,8:%;)  a2[08Sg k(X,5:%1)\?
- Kas E =% Kax “] = U@ (V.A5)

This is the Hamilton—Jacobi equation (see for example
ref 22) that describes the deterministic motion of a
classical particle in an external field. The integral
formulation for the classical action Spk and its corre-
sponding Euler—Lagrange equation for a chain segment
that goes from x; = x'(0) to x = X'(s) is

Soxlxsx) = [*ds [%(%)ZJF uOVK(x’(s’))] (V.A.6)

i & — auo’K
a2 8572 ox'

(V.A.7)

Let us compute the variation in the action upon
varying the end point of a path of s monomers such that
oX'(s) = x2 and 6x'(0) = 0. Thus

3 dx déx
0Sgx = [, ds’

Integrating by parts in the first term and using the
Euler—Lagrange equation (V.A.7), we see that
9S4 (X,8:X4) 1
P2oxSX) 3 d_><,|s,zs (V.A9)
X a2 ds
Since the classical action is just the free energy, eq V.A.9
has the physical interpretation that the virtual work of
moving the end point of a chain segment is proportional
to the tension 3(dx/ds) there.
At next order the propagator equation becomes

9S k(XS; Xl) a2 °Sok(X:8i%)

0s 6 8X2
2 9S, (X,8;X;) 39S (X,8;%X4)
a 0,K 1 1K 1 _
5 X ™ u; (x) (V.A.10)

This is a first-order linear partial differential equation
and so may be solved using the method of characteristics
(see for example ref 23). The solution S; k(X,s;x1) is an
integral surface (since it represents the integral of a
partial differential equation); it may be constructed from
a family of space curves in the surface known as
characteristics. The characteristics are obtained by
solving the following system of first-order ordinary
differential equations

ds dx dSl K

== V.A.11

1~ 050k o2 3280 « ( )
3 g +ux)

where only one pair of equations is independent. Here,
the characteristics are the perturbed chain paths in the
field uyx that propagate out from where the initial
condition is prescribed. The first pair of equations
shows that these paths are just the classical paths
through eq V.A.9.

B. Determining the Potential at Lowest Order.
In order to calculate Sox and S;k, it is necessary to
know ug k and u; k. These constraint fields in turn must
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be determined by satisfying the incompressibility condi-
tion at each order. Upon examining eq I11.12, we see
that Qﬁ(xo,NK;O) can only vary by factors of unity in
order to maintain constant density. Using eq V.A.4 for
this propagator, we see that since Spk(Xo,Nk;0) has a
characteristic scale of 1/, it must be constant in order
to satisfy eq 111.12 at order 1/ 6. Then, from eq V.A.9,
the tension on the free end xo of a classical chain is zero.

Since all chains are Nk monomers long, we may write

xo OX’'

o dx/ds (V.B.1)

Nk [
Ng=J, ds'=
Integrating the Euler—Lagrange equation once gives

(V.B.2)

dx'\2
= Uk — Ug

2a (dS

where us = upk(Xo) and we have used dx'/ds'|y, = O.
Substituting eq V.B.2 into eq V.B.1 and changing
variables to ugk gives

dx’ 3
Ny = (. du / V.B.3
AT dug kAl 2a%(ug  — uy) ( )

where we have defined Ax = ugk(x = 0). This is an
integral equation for dx'/dug k, which may be inverted
using the method of Appendix C (where eq V.C.16 is
solved as an example) to give

Ugk(X) = Ag — BX? (V.B.4)
where Bk = 37/8Nk2a2. The overall level of the potential
is fixed by requiring that f'(}K dx ugk = 0, which results
in Ax = Bkhk?/3. As we shall see in the next section,
such a parabolic potential profile does indeed produce
a constant classical action for a walk of Nx monomers
and therefore is the correct potential at this level of
approximation.

The traditional method* of deriving the classical
parabolic potential is to recognize that a chain tethered
at x = 0 with its free end at xg is analogous to a classical
particle that starts from rest at xo and falls in “time”
Nk to the grafting surface. Since the time to fall to the
surface is the same for all xo, the particle is a harmonic
oscillator of mass 3/a? and “spring constant” (2Bk)Y2 =
27ltk, where the path of each particle is one-quarter
cycle 7x = 4Nk.

C. Finding u; k from Satisfying the Incompress-
ibility Constraint. We shall determine uik(x) by
directly solving eq 111.12 such that pbK(x) =1. In order
to evaluate the brush density we need to evaluate
two types of terms, Q%(x,s) = /5 dxo Q%(x,s;x0) and
QR(x,5;0). We shall do this by using the WKB ap-
proximation we have described above.

Let us consider a chain segment that propagates from
X1 to X2 in s monomers. Solving eq V.A.7 gives us the
classical path between these two points

Xy — X1 COS S

X'(8":X4,X,,S) = -
(8%1,%:) sin wys

sin wys' + X, €os wys'
(V.C.1)

where wx = m/2Nk. Substituting this path into eq V.A.6
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NA-S
Np X1

XJ
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Figure 3. Typical chain that contributes to the monomer
density given by eq 11.19.

gives us the classical action
2X1 Xy

sin wys
2

w ) — Swy 2 2
Spk(X2,8:%y) = - (x,” + x,°) cot w, S —

Bkhk

3

s (V.C.2)

which is symmetric under interchange of x; and x; as
required.

We then want to evaluate S; k(X2,S;X1) by solving eq
V.A.11, which gives us

S k(X0,81%p)= % In sin wys +

S5 dS" Uy (X'(8%,.%,.,8)) + @, (V.C.3)
where we determine the constant a; = log(3wk/2a2)12
by satisfying the intial condition QbK(xz,O;xl) = 0(xy —

Xz).
Thus the propagator is written

3 1/2
Qﬁ(xz,s;xl)=( O ) x

271a” sin w, s

exp[— l/(;s ds’ Uy (X'(8"1X1,X2,9))]

2
Wk 2X1X, Bhy
exp|— —| (%* + X,°) cot wys — snos| 3 O
(V.C.4)

We evaluate QbK(x,s) by doing the integral over xo by
saddle-points, where the more-slowly varying factor of
exp[—Si1 k] may be taken outside the integral, enabling
us to do the remaining Gaussian integral involving Sp k

1/2
~h _ _ ) 2
Q(x,s) = exp[ Sl,K(XvSvX(’)()](—3a)K cot a)KS)
3wy , Bch?
exp 2_azx tan w,s — 3 s| (V.C.5)
The saddle-point value x3(x,s) is given by
X = X3(X,S) C0S wyS (V.C.6)

which specifies a most-likely end point xo corresponding
to a segment that has reached x in s steps. Figure 5
shows a “brush path” that starts at the wall and ends
at xg in Nk monomers.
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Figure 4. Parabolic brush pressure field at lowest order, ugx
(wide dashed line). The leading correction u; x (narrow dashed
line) diverges at the origin and tip of the brush. The plot here

is for a brush with hx/~/Nga = 3.
hy

L
(]

Xo—T

X,

x(s)

0 Nk
S
Figure 5. Classical path (dark line) that represents the
dominant contribution from a chain Nx monomers long to the
brush density given by eq I11.12. This path has the chain free
end at x3 We also show (light lines) other possible classical
paths corresponding to less likely positions of the chain end.

We then evaluate S; k(x,s;x3) using eq V.C.3 and the
saddle-point path to give

1 1/2
~b —
QK(XIS) - (COS C()KS) X
exp[— j:' ds’ Uy (X' ('%,x%9))] x
3wy 2

2 BKhK
FX tan wys — TS
a

exp (V.C.7)

For the second type of term, Qﬁ(x,s;O), we must
consider a chain path that goes from 0 to x in s steps.
The propagator for such a path using eq V.C.4

3wy 12
Qr(x$:0) = |[—5——| x
27a” sin wys
exp[— [5 ds' Uy ((X'(s';0,x,5))] x

3wy , Bxhy?
exp|— —X cot wyS — 3

s| (v.C.8)

2

which corresponds to a path (from eq V.C.1)

X'(s";0,x,8) = ﬁ sin wys' (V.C.9
K
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We may now calculate the brush density using eqgs
V.C.7 and V.C.8 in eq I11.12. The exponential factors
from the classical action in the numerator combine to
give exp[-Bkhk?Nk/3], which in turn cancels an identical
factor in the denominator. This gives

b o
PR = — ; x
Jo < dxg expl— [ ds’ Uy (X'(5,0,%0,N))]
NK ] 1 I
S, " ds {exp[—t/;S ds’ uy «(X'(s'0,%,5))] x
exp[— [ dS' Uy (X ("X )G N—S)T} /sin wycs
(V.C.10)

Let us define an (as yet) unknown function ex(xo)
_ Xo ds
ex(Xo) = exp[— [ dx Uik (v.C.11)

such that the integrals over u; x in the numerator (from
the S; k terms) may be combined to give ex(x3(x,s)).

Note that the combination of these integrals into one
implies that the paths from the factors QbK(x,s;O) and
QF((X, Nk — s) are the same. This “brush path” for a
walk of Nk steps from the wall at x = 0 to an end
position at xg represents the dominant contribution to
the brush density from all possible classical paths and
is described by

X(s) = X3 sin wys (V.C.12)
We may show that this is true by replacing s and x with
Nk and x3, respectively, in eq V.C.9 and by replacing s
with (N — s) in eq V.C.6. Equation V.C.12 is then the
position of the sth monomer along a chain grafted at x
= 0 with its end at x3. From now on, since we shall be
considering walks of Nx monomers, we shall drop s’ and
use s as our index along the chain.

If we consider the probability for a walk of Nk steps
to the grafting surface, Qﬁ(xo,NK;O), we see that the
classical action is independent of the chain end position
(i.e. Sok(X0,Nk;0) = exp[—Bxhk®Nk/3]) and that ex(xo) is
in fact the distribution function for chain ends within
the brush.

The density may thus be written as

g fONK ds

ek (X3(x.s))
fth dxg €k (Xo)

: (V.C.13)
sin wys

pR(X) =

Let us now change the integral over ds to an integral
over dxg, and recognize that differentiating eq V.C.12
with respect to s, holding x fixed, and letting x§ and s
vary gives us

dxg
0= d_so sin wys + xgw, cos s (V.C.14)
Rearranging gives
ds _ sinwygs
dx¥  dx/ds (v.C.15)

where dx/ds is the differential of eq V.C.12 for a chain
with its end held fixed at x§. This allows us to write
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Figure 6. Distribution function ¢(x) of free ends in the brush
at this level of approximation, which is zero at the origin and
diverges at x = hk. At next order chains are able to penetrate
into the next brush and the end density peaks around the
brush tip and goes to zero beyond it.

the density as

b _ g e o ds
P00 = — ™ i

. g KO
J:) dXg €x(Xo)

(V.C.16)

X—

[The subscript indicates that a brush path from x to x§
must be used.] Note that the lower limit on the integral
over xg is x. This is because the classical path cannot
turn back on itself so chain paths that pass through x
must have their end points beyond x.

Setting p:’((x) =1 in eq V.C.16 gives us an integral
equation for €(xo) which may be solved (see Appendix
C) to give

Xo

— V.C.17
(hK2 _ X02)l/2 ( )

1
ex(Xo) = >

where we have chosen to normalize ng dxo ek(Xo) = hg/
2. [Our choice of normalization assures f dx uj(X) =
0 (see below) but is by no means unique.] A plot of the
end density is shown in Figure 6.

Having determined ex(xo), we can now solve eq V.C.11
for uy k(x) (see Appendix D)

2 2

X [ x [ x
—Nu, (X)=In~+  [———arctan , [———
K41,k hy th — 2 th — 2

(V.C.18)

[Note that the perturbing potential as previously cal-
culated in ref 24 contains typographical errors.] We
have the unphysical result that the perturbing potential
diverges at the tip of the brush in order to force the end
density to zero there (see Figure 4). In reality the
chains extend beyond hg into the next domain and e(x)
peaks at the start of this penetration zone and decays
to zero at the end of it. These corrections to the
perturbing potential calculated above, however, only
enter at the next order and we will have more to say
about them in section VII.

The perturbing potential is also singular at the
grafting surface, although the divergence is logarithmic
and thus much weaker (also see section VII).



Macromolecules, Vol. 30, No. 18, 1997

D. Asymptotic Elastic Free Energy. We use eq
V.C.8 to evaluate Qg for each domain

= V3 hg 7 hKZ
Qu="74 exp|— & (V.D.1)
4 a N, 8 a°N
The elastic energy per chain is then
coh? Na2
Felastic = @ + In(cl? (V.D.2)

where ¢o = 72/8 and ¢; = 16/(3/f(1—f)). The first term
arises from the classical description of the chain and is
of the same magnitude as the homopolymer interfacial
free energy. The second term comes from entropic
fluctuations about the classical path which contributes
constant logarithmic terms to the free energy at the
same order as the joint localization energy in our
calculation of the interfacial free energy. These correc-
tions therefore represent finite-N corrections?® to the
asymptotic free energy. Physically, they represent the
entropy gain for the wandering of the free chain end
over the brush. By contrast in the reference state the
free end is typically found within the radius of gyration
of the joint position. Since there are two free ends per
chain, we thus expect an entropic contribution per chain
of 2 In(v'Nka/hg). [See also the discussion following eq
1vV.9.]

V1. Expansion of the Free Energy

We are now in a position to organize our results as
an expansion of the free energy in a small parameter e¢.
The free energy per chain from eq IV.6 and V.D.2 is

. Cohz 3 + Na 2‘/6_){01 Na

Note that the corrections from the elastic energy are
negative while those from the interfacial energy are
positive. However, there are two chain ends but only
one joint per chain, so that overall the corrections
increase the asymptotic free energy.

Let us scale the domain period so that h = h/(ay6N23)
and identify the small parameter to be ¢ = 1/(}N)13.

Then
€,2v6 V1.2
0 (V1.2)

Also expanding the period h = hg + €h; and minimizing
F with respect to h gives

3
. . a
eF=F=c0h2+%—elne+eln
6

3 \1/3
fig = (V1.3)
° Zcox/g
Ry = 1 (V1.4)

- hol2¢, + (200a%v/6hy%)]

The logarithmic corrections to the free energy do not
affect the period since they are independent of h.
Substituting the minimized h into eq VI.2 gives the
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Figure 7. Asymptotic free energy (wide dashed line) lies
below the numerical data (solid line, circles indicate data from
ref 26, triangles indicate data from ref 27). Adding the leading
corrections (narrow dashed line) puts the free energy above
the numerical data. Here f = 0.5.
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Figure 8. Asymptotic domain period (wide dashed line) is in
excellent agreement with the numerical data (solid line, circles
indicate data from ref 26, triangles indicate data from ref 27).
Adding the leading corrections worsens agreement consider-
ably (narrow dashed line).

minimized free energy F = Fy — € In € + ¢F; where

= - 1 3,2/3
Fo = Cohy” + —=—(pea°) (VL.5)
Veh,
2v6e,|  hypya’ o
=In|l—— — — + 2¢,hh (VL.6)
: ’ Z0 VR

We plot in Figures 7 and 8 the unscaled asymptotic
free energy and domain period compared to numerical
data from Matsen2® and Whitmore?” (where we have set
the dimensionless quantity ppa® = 1). These are nu-
merical solutions of eq 11.15 and so provide a direct test
of the range over which our approximations are valid.
[We recall that the reference state is the mixed homo-
geneous melt with y = 0, so that at the ordering
transition at yN = 10.5 for f = 0.52 the free energy is
not zero.] We see that while the asymptotic free energy
is several kgT less from the numerical results, the
asymptotic domain period is in excellent agreement. We
note that the numerical results do in fact show a larger
period at smaller yN.

Upon adding the leading corrections to the free energy
we see that we increase the free energy to a few kgT
above the numerical data. This is at the expense of
agreement with the domain radius, which now appears
to increase with yN since the correction term is positive
and is opposite to the trend we were trying to predict.
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VI1Il. Higher Order Corrections

Physically, the most obvious next-order corrections
are due to the penetration of opposing brushes. At the
order of the calculations above, these brushes cannot
penetrate each other. However, the potential ugk is
internally inconsistent, since over a small region & at
the foot of the brush, the potential is low enough that
the chain can relax back to a random walk. Here, ug -
(hk — &) ~ (h&/Nk?a?) and a walk of k monomers can
only penetrate a distance & ~ k2a since a larger
distance would cause substantial stretching. Penetra-
tion is allowed for ug k(hk — &)k < 1 (balancing the gain
in translational entropy against the energy of penetra-
tion) so monomer lengths of order k32 < Ng2a?/hg can
penetrate over a characteristic length such that (£/hg)

~ (v¥Nka/h K)4/3.28

The width of this penetration zone also marks the
place where the parabolic potential breaks down. At
the edge of the penetration zone, u; x(hg — &) ~ (1/Nk)
~/'hg/E. Considering where u;k is the same scale as
Upk also gives an estimate for £ that is the same as
above. [Estimating where u;x = uok at the grafting
surface leads to a region of width ¢/h ~ exp[—hg?/Nka?],
so the corrections due to this region are exponentially
small.] Consequently the perturbing potential and the
end density themselves are modified through these
higher-order corrections, and the unphysical divergences
evaporate.

The end density has a square root singularity at the
tip of the brush (see eq V.C.17), so the number of ends
in the penetration region scales as (&/hk)¥2. Each end
in the zone perturbs the free energy by kgT, so correc-
tions to the free energy per chain scale as (&/hg)Y2 ~
L/(xN)Y® (since hx ~ ¥6aNk?3). These correspond to
terms of order yN—*? in the free energy expansion and
are not much smaller than the leading order terms (at
O(¥N~13)) we have calculated for the range of yN
considered in Figures 7 and 8.

Recently, Orland and Schick?® have calculated cor-
rections to the classical end density for a single solvent
brush. They use a classical path composed of a sine and
cosine in an integral equation for the brush density and
obtain reasonable agreement with numerical data for
the density of chain ends. However, their method is
somewhat heuristic since the actual potential in the
“foot” of the brush (at this order) is clearly not parabolic,
so that the classical path must take a different func-
tional form than they have proposed. Indeed, their
results for the density of free ends far from the classical
brush edge do not agree with known asymptotic re-
sults.30

In a subsequent paper, Netz and Schick3! derive the
classical free energy for a solvent brush, by considering
only classical chain paths and extremizing the single
chain free energy with respect to the brush density and
end distribution. For nonzero 6 = Nka?/hg? (1/8 in the
terminology of ref 31), they find an entropic contribution
to the single chain free energy that is 6 times smaller
than the classical free energy. They extremize this free
energy at finite 8 to obtain corrections to the classical
brush density, end distribution and find non-zero stretch-
ing at the free chain end. As we have systematically
shown in this paper, such corrections must also include
fluctuations of the path itself about the classical path
in order to be consistent at the right order in (1/9).
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VIII. Conclusions

In summary, we have derived the strong-stretching
approximation from the full partition function for
strongly-segregated diblock copolymer melts. The ap-
proximation is exact in the limit yN — c. We calculate
the leading order corrections to this theory by transcrib-
ing previous results of Helfand for the interfacial free
energy and using a WKB expansion to calculate the
elastic free energy.

These corrections scale as log ¥N and arise from the
wandering of the chain ends over the domain and the
localization of junction points in the interfacial region.
These represent an entropy gain and an entropy loss,
repectively, and since there are two chain ends for every
joint, the corrections are positive overall. The asymp-
totic free energy is a few kg T below the numerical data,
while the asymptotic domain period is in good agree-
ment with numerical data. The leading corrections shift
the free energy to a few kgT above the numerical data,
and cause the domain period to show an apparent lower
scaling exponent. Experimental and numerical evi-
dence show an opposite trend for the domain period,
that the domain period shows a higher apparent scaling
exponent.

The next order corrections arising from interpenetra-
tion between like domains scale as (yN)~, and are thus
large enough to qualitatively change the results above
at intermediate yN. If these corrections were negative
in sign, both the free energy and the domain period
would be brought into better agreement with the nu-
merical data.

It is important to keep in mind, however, that the
expansion is an asymptotic one and that asymptotics
tells us that generating corrections to an asymptotic
limit only improves the approximate result up to a
certain point before it diverges from the exact solution.
This may well be the case here. Nevertheless, we feel
that it is significant to have identified the shortcomings
of such a widely accepted theory in a systematic way.

We have carried out our analysis for a lamellar phase
for simplicity. In principle, this can be extended to other
geometries but will require more elaborate computation
due to the dead zones in the domain, which exclude
chain ends in the cylindrical and spherical geom-
etries.32:33
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Appendix A: Interfacial Profile for a
Homopolymer Blend

The coupled ground-state equations for a homopoly-
mer blend are

2 d2q|
_a?dig, Il
0= 5 A — Depg + V1da (A1)
_a? d’gg Il
0= 6 o — Dpa T Vg (A.2)
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Let us scale
% = Yorx (A3)
a
1 V'
v =— A.4
p (A.4)

Multiplying eq A.1 by q,'g, and eq A.2 by qL and
subtracting them eliminates v!. We can then use the

ground -state relation gy = y/pi and the constraint p) +
pB = 1 to give an ordinary dlfferentlal equation for

11 Ay 1 20h—1 [dob)P

2 | + 2\ 'dx_ + (20
Pa(l = pa) dx’® PA a - PA)

1) (A5)

We can reduce the order of this equation by one by using
the substitution p = dpj/dx, so that

20! do!
_PA_d_p_d_pﬂ:p@ (A.6)

dx?  dx dpp, dx dx

Equation A.5 may then be solved to give

do,
o = 2Pl = o)) (A7)

where we have used the boundary condition dpL/d)‘( =0
at pp =1 and py = 0.

Solving eq A.7 results in egs IV.3 and IV.5 for the
monomer density profile through the interface. These
densities may be used in eq A.l to calculate the
interfacial pressure field given by eq IV.5.

Appendix B. Semenov’s Corrections to the
Asymptotic Interfacial Energy

Let us start with the integral given by eq 111.9, which
we rewrite as

a, =1 [;, dx, exp[-W(x,)] (B.1)

which is the partition function for a dilute gas of
junction points in a potential —W = log(op pg)¥2.

We want to convert the integral over the position of
junction points to one over the density of junction points
S0 we write

a,=1 [ Doy [ dx,0(os—p3) expl-W()]  (B2)

where py(x) is the junction point density for a single
chain and p3(x) = 6(x — x3). Exponentiating the ¢-func-
tion

LDy [ dx; f Do expl— [ dx; w(oy—po)] %
exp[-W(x;)] (B.3)
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We want to evaluate the integral over w by saddle-
points so we write eq B.3 as

%f Dp; f Dw exp[— f dx; wp; +
log( /" dx, explw(x;) — W(X,)])] (B.4)
The saddle-point value of w(x;) is given by
w(X;) = log p; — log C + W(x3) (B.5)
where C is a constant we shall determine. Substituting
eq B.5 into eq B.4 gives
a; = % f Do, eXp[f Xy(—p; log p; — Wp,) +
log C( /" dx, p; = 1)] (B.6)
Now doing the integral over p; by saddle-points gives

03 = C(paps)¥2. We set f dxj pj = 1 so C must equal
4/(Ax). Then

In(ay/h) = f dx; [p, log p; + Wp,] (B.7)

which is equation 3.4 of ref 17. [Note that unlike
Semenov, we do not find any additive constants for eq
B.7.] Performing the integration in eq B.7 using the
junction point density calculated above gives eq 1V.8.

Appendix C. Solving for End Density
We wish to solve the integral equation

2N € (X
hKU d nK K( 0) =1 (Cl)
j‘ GK( O) on _ X2
Let us change variables to to = (Xo/hk)?
) a

f dt, \/7 > (C.2)
where we have defined t = (x/hk)? and f(ty) = ex(to)/
Vto. We would like to cast this integral into the form

of a convolution so we change variables again to yo =1
— tO

(yo)
y dy 0.
Jo JoO =0

wherey = 1 — t. Let us now recall the convolution
theorem for Laplace transforms

_z
=3 (C.3)

L[ ﬂ: dz y,(t—7) y,(1)] = LIy, (0] LIy,(D)] (C.4)

where L[f(t)](s) = f; dt et f(t). Then we want to
Laplace transform both sides of eq C.3 so that

LIty = 2/ c5)

Transforming back gives us

fyo) =5 (C.6)

J—
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which is in the original variables

ex(Xo) = (C.7)

N[
N

kK ~ Xo
Appendix D. Solving for the Potential ug k(x)

We would like to solve the following integral equation

—Uq k(X
In e(xo) = f7°" dx —d;/*g(s ) (D.1)

Substituting the brush path x = x¢ sin wks and changing
variables to U = x2 gives

Uo —Ng ug (V)
0 JUU, - L)

Let us consider for a moment the operator Y such that

In e (Ug) == (D.2)

, v du
YIf(U)] = [, ————=If(V)] (D-3)
v(U —U)

where f(U) is an arbitrary function. Let us apply this
transform twice to a function W(U) so that

Uo

YIYIW(UOT] = [ J(U
0

W(U)
(D.4)

IOJ(

Changing the order of integration and doing the inte-
grals gives

YIY[W(U)T] = [ 2W(U) (D.5)

Let us rewrite eq D.2 so that

[ Nu, (V)

In e (U) == (D.6)

Then applying Y and using the relation given by eq D.5
we see that

—Nu, (U In ¢,(U
j(-)Uo dU l,K( )= OUo dU K( )
Ju JU,— U

Then we find Nuy k(U) by differentiating the right-hand
side of eq D.7 with respect to U and multiplying by U2,
Using eq V.C.17 for the end density and changing
variables back to x gives us eq V.C.18 where

(D.7)

ﬂ)hK dX Uy () =0 (D.8)

Appendix E. Making the Expansion Parameter
for the Brush Equations Obvious

In identifying an expansion parameter for eq I11.5,
we recognize that the brush height scales as h in order
to maintain incompressibility, which implies a chain
extension over Nk. Thus we scale the variables in the
following way

_—L _:i a, =
x—hK, S N, O = Ngue (E.1)
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The propagator equation becomes

BQK 6 QK o

== —% ~ 0k (E-2)
where 6=Nga/hy? as the small parameter, which is zero
when Nk — . Then we use Q&(%,5;%1) = exp[—Sox/d —
Si1k] and so

1 9So k . 95 k __1 828o,K 0 8Zsl,K
0 35 ds 6 5% 6 5%
i(SSO’K)Z 1 0Sy k 951 Q(BSLK)Z B ll_,l g
65\ 0x 3 dx dx 6\ I o oK LK

(E.3)

Separating terms order by order results in eqs V.A.5
and V.A.10.
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